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Sampling

s Critical tool to understand and ana!gze large
gral:)hs
. Stuclg gral:)h Properties using saml:)les

° On|9 realistic option in many situations

]

+ Evolvi ng graph

o Full gral:)h not accessible

* lmPortant to have provably goocl algoritlﬁms
° Sample qualit9 = outPut quality
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Graph access model

How to access the gral:)lﬁ and what information is available to the algorithm?

*.Can query any node bg its name and get its out neig}wborhoocl

» Subscribes to standard crawling model

. APPIies to both Web and social networks
» A small number of (trulg random) nodes are available 3’
» This access model supports random walks on the graph

* Querging IS an expensive oPeration

* A!gorithms should minimize number of queries
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Problem definition

S0 B) be an unclirectecl) connected graph
*nN= #nocles, m= #edges

» D = adistribution on Vv

* g=error Parameter

Problem. Using the graph access model, output a node in G according
to D (to within & additive error)

Pr[algorithm outputs vz D)t e

* Measure #steps, #queries
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An casy case

© Degree—-l:)ro[:)ortional case (le, uniform eclge)
* D (V) « dv)
+ Solution: do a uniform random walk on the grapln

Fact. Limiting distribution of the walk is D,

Fact Tixl:)ectecl number of stel:)s is the mixiﬂg time

(t_.) of the gral:)l’)
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Unitorm distribution

© Outl:)ut a node uniform at random

s« [ (VW =1/n
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Réjoction sampl ng
Generate and rojoct
» Uniform random walk for Lo stops

+ Reached a node u

* With Probabilit9 Proportional to1/d (W),
outPut u and stoP

° Otherwiso) go to first step starting from u
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Analgsis

* Assume minimum clegree 1S |
Claim. E[#queries] = E[#steps] = O(tmix~ davg)

Proof. Generates u accorcling to D] and outPuts U wp 1/ d (u).
Probabilitg of outPutting some node

X PriU=u] x 1/d(u) =Zucl(u)/(2m) < 1/d(u)

=X e = n L 2m = 1/dan

Repeat this clavg times to obtain a sample
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l\/\a><~clegree (MD) walk

* Make the graplﬂ uniform clegree ]:)9 spencling more time at low

CngI"CC ﬂOClCS

* Uniform random walk on modified graph generates D 5

* (Jse max clcgree (d a><> to define transitions

m

. #queries could be « #steps /-%/ 9,

:N@ \@

Clmax
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MD Analgsis

Claim. The steacly~5tate of MD is D4

Claim. E [#steps] spent at node u is clmax/ d )

Claim. Feis ang real—-valuecl ]CUﬂCtiOﬂ ]C

¥, W -+tW2dW) dW)

¢ >0
T, Fw -fW)2

- g — " TERCR

an




- e ’ Aoy

P ey . AP i i ity oy G~ s m iy

MD /—\nalgsis (contd)

* Use the variational characterization

T, Fw-FO) W) Py, v)

1 -, = inf ~

z, W - W) aW) =)

* Relate A, of MD and original walk using this

Fact. t,, <1/( -2 logn

Claim. ‘.i[#ste‘:)s] =OF. - cla

mix
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Metropolis~Hastings (MH) walk

* A way to sample from any target distribution D starting from an

arbitrary transition matrix Q
» Current state = u
* Generatev ~ Q(u, -)
+ Move tovwp min(l, (Q(v, v) D(W) / (Qu, v) DW))
* Fact. Steady-state of MH walk is D
» KD =D_and Qis gjven by the graph
Priu = vl =1/d (W) min{1, (W) /d W) = 1/max(d W), dV))
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MH Analgsis

Claim. E [#stel:)s] = é(’tmix' GlmaX)

Proof. Use the variational characterization and

steps as b@core
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Clalm For MD, E‘[steps] >Q(t

mix

-------------

.’./k‘ Proof. o(k®) non-selt looP steps will

miss constant Fractlon omc Path nodes

oD (|<+1) To be close to D we need Q (k?)
Aavg =D/k steps
Amax = D

Sehc—-lool:) stel:)s on Pa‘ch nodes is
Jcmix =0 <|<2> Q (D)
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| ower bounds: Q el

< cJan =d, t o= O(log n,/ Iog d)
o Distance between s forc=Handc=Tis /2256

< #queries =o(d)= query onlg unchang&:& nodes wp 1 -o()




| ower bounds: Q L)

Claim. Ang algorithm for D, must issue Q(t,..,)

queries
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Experi ments

° Unhcormitg of the samples

* Strict criterion

* Quality of estimators based on samplcs
* Size of the network
° A\/erage clegree

© Clustering coetficient
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Summarg

+ Bounds on generatinga uniform node
+ Can extend to other distributions on V

+ L ower bound is not tight

S Conjecture #querles>Q(clan m1><>

+ A better notion of mixing tHime for social graphs

© Average~case notion?
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